PHANTOM MAPS AND FORGETABLE MAPS 



JIANZHONG PAN AND MOO HA WOO 

Abstract. In this note, we attack a question posed ten years ago 
by Tsukiyama about the injectivity of the so- called Forgetable 
map. We show that we can insert the Forgetable map in an exact 
sequence and that the problem can be reduced to the computation 
of the sequence which turns out unexpectedly to be related to 
the phantom map problem and the famous Halperin conjecture in 
rational homotopy theory. 



1. Introduction 

Homotopy theory is now an area which contains many research top- 
ics. Among them are two interesting ones : Phantom map theory which 
is well known and Forgetable map which is maybe not so well known. 
An interesting relation have been observed in this paper which is used 



to attack the Forgetable map problem posed by Tsukiyama p8[| , [p9| ten 
years ago. 

A pair of maps / and g from a CW complex A to a topological 
space Y is called a phantom pair if the restriction of / and g to the 
n-skeleton of the complex X is homotopic for all > O.In this case , we 
call the map f a. g- phantom map with respect to the map g. Denote by 
Ph^{X, Y) the set of homotopy classes of ^f-phantom maps from X to 
Y. It is clear that the concept of ^f-phantom map is homotopy invariant. 
Especially , if = constant map, then the (^-phantom mapwas called 
just a phantom map and if g = id, then / is a ^f-phantom map if and 
only if / is a weak identity as defined by Roitbergp2| . 



Historically Adams and Walker found the first nontrivial phantom 
map and Gray made the first detailed study of phantom maps in his 
PhD thesis . Later many other authors , McGibbon, Meier , MoUer 
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, Oda-Shitanda , Roitberg, Sullivan, Zabrodsky , etc. contributed a 
lot of ideas to this beautiful area, see |15[ for a comprehensive survey 
of this area. Among many others,they proved the following which are 
crucial to our later application . 

Theorem 1.1. Let X and Y be nilpotent CW complexes with finite 
type. Then the set Ph^{X,Y) is either one point set or uncountable. 

In general, P/;.*(X, Y) is a proper subset of [X, Y] . But the following 
theorem says they are equal under some conditions and even more is 
true. 



Theorem 1.2. [|T^ Let X andY be nilpotent CW complexes with finite 
type . If [Xr, Y] = [SX,, Y] = *, then 

(1.1) Ph*iX,Y) = [X,Y] = [X(o),F] = l[H-iX,n^+,iY)(^R) 

n>0 

Theorem 1.3. ^ Let Y = Q^'K and X = S^Z for m,n>0 where 
K is a simply connected finite CW complex .If Z satisfies one of the 
following conditions, then we have 

(1.2) Ph*{X,Y) = [X,Y] = [X(o),F] = l[H^{X,7i^+,{Y)0R) 

n>0 

• Z = BG,G is a connect compact lie group with finite fundamental 
group ,or 

• Z is a connected infinite loop space with finite fundamental group 
,or 

• Z is a 1- connected finite Postnikov space, i.e. TCiZ = Oifiis large 
enough. 

In the above theorem the target space is the (iterated) loop space 
of a finite CW complex. To deal with some essential infinite space 
Zabrodsky extend the above theorem as follows 

Theorem 1.4. The equation remains true if X = Ti^K{H, 1+ 
2) and Y = QJ^Baut{K) where m,l,n > 0, H is an abelian group and 
K is a finite CW complex. 



Theorem |1.3| and |1.4| say, in some case ,all maps are phantom maps 
and the homotopy classes of them can be calculated . The general 
phantom pair is studied only briefly by Oda-Shitanda[^ and seems to 
be forgot later. Roitberg p2|, ^ has studied the weak identities and 
posed several interesting open questions about them and later Shitanda 
had also some related works on it. 

According to our point of view the main problem one faces with the 
general phantom pair is the following 
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Question 1.5. Let gi, g2 X ^ Y are two maps. What is the impli- 
cation relation between Ph^^{X,Y) = {gi} and Ph^'^{X,Y) = {(72} 

A well known result in this direction is 

Theorem 1.6. If Y is a H-space with inverse,then for any two 
maps gi, g2 '■ X Y the equations in Questior \l . d{ are equivalent. 



In our application we have to extend the Theorem |1.6| to the case 
where Y is not a H-space. Actually what we need is about somewhat 
more general notion. See Theorem |2 . 1 3| , |2 . 1^ for details. 

Now let us turn to Forgetable map. Given a principal G-bundle 
vr : P ^ 5, Let 

aut^{P) = {g\g : P ^ P a. G-equivariant homotopy equivalence} 
and 

aut{P) = {g\g : P ^ P is a. homotopy equivalence} 
There is a natural map / : aut^{P) aut{P). Let 

Aut^iP) = TToiaut^iP)) 

and 

Aut{P) = TTo{aut{P)) 

Then the map / induces a map 

F : Aut^{P) Aut{P) 

which is called a Forgetable map by Tsukiyama. The question posed 
by Tsukiyama in []T3| is the following 

Question 1.7. Is the forgetting map F injective? 



In ||2g, |29|1, Tsukiyama constructed examples which answers nega- 
tively the question |1.7| and gave a sufficient condition which answers 
positively the question |1.7| . His example is the following: 

Example 1.8. Given a connected compact Lie group, which is not a 
torus, G and the maximal torus T. There is principal G-bundle G 
G/T ^ BT over BT which is classified by the natural map Bi : BT 
BG where i : T ^ G is the inclusion of T into G. Then Aut{G/T) is 
finite and there is an exact sequence 

^ TTi{map{BT,BG),Bi) Aut^{G/T) Aut{BT) 

Since Tii{map{BT,BG)^Bi) is uncountable, Aut'~'{G/T) is uncountable 
and thus the Forgetable map F : Aut'^{G/T) Aut{G/T) is not in- 
jective. 
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One of the main results in this paper is the following 

Theorem 1.9. Let vr : P — B be a principal G-hundle with P a finite 
CW complex. Then there is an exact sequence 

niaut{P) ni{map^{BG, Baut{P)), c) Aut^{P) ^ Aut{P) 
where c : BG Baut{P) is determined by the principal bundle. 

Remark 1.10. In the above theorem , the calculation of the KerF is 
in some sense equivalent to the calculation of the group 

G =: -Ki{map^{BG, Baut{P)),c) 

. G = ^ KerF = 

• G is uncountable =^ KerF is uncountable since 

7iiaut{P) = ni{map{P, P) , id) 

is countable. 

The following Theorem shows that, in certain case , KerF is either 
zero or uncountable . 

Theorem 1.11. Let n : P ^ B be as above , k : B BG the 
classifying map, k : B ^ BG the associated fibration with fiber P and 
c : BG —>■ Baut{P) the classifying map ofk. The followings are true. 

• If KerF is uncountable if Ph\{BG, Baut{P)) ^ 

• If c is phantom map and G be a connected compact Lie group , 
KerF is either zero or uncountable 

• If G be a 1- connected K(H,m),KerF is either zero or uncountable 

According to Tsukiyamap8| it is possible that KerF is zero or 
uncountable. The above theorem says in certain case this is the only 
possibilities. Furthermore we will show that results in phantom map 
theory and rational calculation which is usually not so difficult can be 
used to decide when the KerF is zero or uncountable. The theorem 
above leads to another natural question 

Question 1.12. Is it possible that the KerF is finite or countable? 

Now we will give concrete conditions for injectivity or noninjectivity 
of the Forgetable map. First we assume the group G to be a connected 
compact Lie group. 

Theorem 1.13. Let P be a 1-connected CW complex . Then the fol- 
lowings are equivalent: 
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• there is a a connected compact Lie group G and a principal G- 
hundle such that the total space has the homotopy type of P , the 
classifying map c is a phantom map and the associated Forgetable 
map F has uncountable kernel 

• ®i>o'^2i+i{'map{P(o),P{o));id) is nontrivial 

Before giving concrete examples of principal bundles with noninjec- 
tive Forgetable map, we recall some backgrounds. A space P is called 
elliptic if H'^{X, Q) = and vrj(X) = when i is sufficient large. 
Let (X, *) be any pointed space. The Gottlieb group (or evaluation 
subgroup) pm] is defined by 

Gn{X) = Im{ev^ : nn{map{X,X);id) — > 7r„(X)} 

where ev : map{X, X)id ^ X is defined by ev{f) = /(*) 

The Gottlieb groups are extremely difficult to compute in general. 
However for rational space there have been some remarkable results on 
the Gottlieb groups. 

Theorem 1.14. |^ //X finite CW complex, then Geven{X(o)) = 



Theorem 1.15. Let X be a finite 1 -connected complex, then G^{X{q^) ^ 
if X is rationally nontrivial and elliptic. 

Now the following Theorem follows immediately from the last three 
theorems. 

Theorem 1.16. Let P be any 1-connected elliptic finite CW com- 
plex. Then there is a compact Lie group G and a principal G-bundle 
T[ : P' ^ B such that the Forgetable map has uncountable kernel and 
P, P' has the same homotopy type. 



Remark 1.17. We don't know if there exists 1-connected CW complex 
P such that 0i>o^2i+i("^ap(^(o),^(o));^c?) = 0. 

If we assume G = K{H, 2m) where if is a finitely generated abelian 
group and m > l.We have the following 

Theorem 1.18. Let P be a 1-connected CW complex . Then the fol- 
lowings are equivalent: 

• for all m > 1 , finitely generated abelian group H and every prin- 
cipal K{H, 2m) -bundle with total space homotopy equivalent to P 
,the associated Forgetable map is infective 

• 0i>i ^2i("^ap(P(o), P(o)); id) = 



6 



JIANZHONG PAN AND MOO HA WOO 



Now we want to give some examples with injective Forgetable map. 
Again we first recall some backgrounds. For simplicity we will assume 
spaces involved are 1-connected. 

A space X is said to be of type Fq if dim if* (X; Q) < oo, dim 7r*(X) Q < 
oo and H°'^'^[X] Q) = 0. One of the most beautiful conjectures in ra- 
tional homotopy theory is the following 

Conjecture 1.19. Let P —* E ^ B be a fibration such that the 
fiber P is homotopy equivalent to a CW complex of type Fq. Then the 
Serre spectral sequence(with rational coefficients in Q) of the fibration 
collapses at the E"^ term. 



In his two remarkable papers |T8|, W.Meier found the relation be 



tween Halperin conjecture and the vanishing of the 7ret,en'^o,p((P(o), -P(o)); '^d) 
, i.e. 

Theorem 1.20. Let P be of type Fq. Then the followings are equiva- 
lent. 

• The Serre spectral sequence of every fibration with fiber P collapses 
at the E"^ term 

• 7ievenmap{{P(^o),Pio));id) = 

The Halperin conjecture have been verified for a number of special 
cases. The result obtained so far can be stated as follows 



Theorem 1.21. B, 11^ E^, Let P be a space satisfying one of the 



following conditions. Then the Halperin conjecture is true: 

• P is a Kahler manifold 

• H*{P; Q) as an algebra has at most 3 generators 

• P = G/U where G is a compact Lie group and U is a closed 
subgroup of maximal rank 



Comparing Theorem |1.18| and Theorem 1.20 we obtain immediately 
the following 

Theorem 1.22. Let P be a 1-connected finite CW complex of type Fq. 
Then the followings are equivalent: 

• The Halperin conjecture is true for P 

• For every m > 1 finitely generated abelian group H and every 
principal K{H, 2m) -bundle with total space homotopy equivalent 

to P ,the associated Forgetable map is injective and TT2map{{P(^o^ , P{o))', id) 


Corollary 1.23. Let P be a 1-connected finite CW complex satisfying 



the condition of Theorerr\1.21\. Then For all m > 1 finitely generated 
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abelian group H and every principal K{H, 2m) -bundle with total space 
homotopy equivalent to P ,the associated Forgetable map is infective 

In section 2 we will introduce the phantom element which is a gener- 



alization of phantom pair and use this concept to prove Theorem |2.13 
and Theorem |2.14| . In section 3, we will study the forgetting map and 
try to insert it into an exact sequence and prove the Theorem |1.9| . In 
section 4, the results of previous sections will be applied here to get the 



precise information about the Forgetable map and prove Theoremjl . 1 1 



|1.13| , |1.18| . In this paper all our basic spaces will be assumed to be CW 



complexes with finite type . We will also use the following notations: 

• Xn is the n-th skeleton of X 

• map{X, Y) is the space of continuous mappings from X to F 

• map^{X,Y) is the subspace of pointed mappings from (X, xq) to 

• / : X — i> X(o) is the rationalization 

• Let r : X^ ^ X be the homotopy fiber of /. Then X^ X ^ X(o) 
is a cofibration up to homotopy 



• e : y — > y is the profinite completion of Sullivan 

The first author thanks the Brain Pool Program of KOSEF for the 
support to his visit to Korea University and the Prof.Woo and the 
Department of Mathematics Education , Korea University for the hos- 
pitality during which this work was completed. Thanks is also due to 
Prof.Shen Xinyao who brought me to the area of topology ten years 
ago and Prof.McGibbon who kindly sent me his papers and preprints. 



2. Phantom element 

Let us begin with some definitions Let X be a CW complex, F a space 
and f,g:X-~^Y two maps .A map f : X Y is called a phantom 
map if /|x"(the restriction of / to the n-skeleton of X) is homotopic 
to the constant map for all n > 0. In pO| , Oda and Shitanda defined 
that / and g are a phantom pair if and g\x^ are homotopic for all 
n > 0. For a fixed map g : X —>■ Y we denote by Ph^{X, Y) the set of 
homotopy classes of maps / such that / and g are phantom pair. Each 
element of Ph^{X, Y) is also called a (7-phantom map. 

Here we generalize the concept of the phantom pair as follows 

Definition 2.1. Let spaces X be a CW complex,y be a space and 
(yf : X — > y any map. Then an element a G 7Tj{map^,{X,Y); g) is 
called a (7-phantom element if = for all n > where : 

map^,{X,Y) — s> mapt,{X"',Y) is the homomorphism induced by the 
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inclusion i„ : X" —>■ X. Denoted by 

Ph^j{X, Y) = {a E TXj{map^{X, Y)]g)\a is a (yf-phantom element} 

If j = 0,then a is a (yf-pliantom element iff it represents the liomotopy 
class of a map which is a (7-phantom map. If 5f=constant map,then a g- 
phantom map is the same as phantom map. Since Adams and Walker|jll| 
found the first essential phantom map, this area has attracted interests 
of many mathematicians. 

Let us recall some basic results about homotopy of a sequence of 
fibrations at first. Let 



r, — ^ yy- 



n— 1 



be a sequence of fibrations of spaces and X be the inverse limit of the 
above inverse system. If we choose base points x„ G X„ such that 
T^nixn) = x„_i.It was showu by Bousfield and Kan in P that there 
exists the following short exact sequence for j > 

* — > limVj+i(X„,a;„) iTj{limXn,Xn) lim7rj(X„, a;„) * 
Now if X is a CW complex with skeleton X" and Y a space ,then 

. map,(X", Y) map,(X""\ Y) ^ ■ ■ ■ 

is a sequence of fibrations with map^{X^ Y) as the inverse limit. 

Corollary 2.2. Let X and Y he nilpotent CW complexes of finite type 
and g : X —>■ Y be any map. Then for all j > there exists a short 
exact sequence 

* limVj+i(map*(X", F); 5(|X") 7ij{map^{X,Y); g) 

^ n 

lim 7rj(map,(X",y);^|X") ^ * 

Corollary 2.3. Let X and Y be nilpotent CW complexes of finite type 
and g : X ^ Y be any map. Then for all j > 0,we have 

Ph'j{X,Y) = limV,+i(map,(X",y);^|X") 

Uj = 0, we recover Ph^{X,Y) = lim^vri (map* (X", y); 5(|X") 

A natural problem about Ph^j{X,Y) is its cardinality . For this we 
have the following 

Theorem 2.4. The first derived inverse limit of an inverse system 
of countable groups is either one point set or uncountable. 
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Corollary 2.5. Let X and Y be nilpotent CW complexes of finite type 
and g : X Y be any map. Then Ph^j{X, Y) is either one point set 
or uncountable for all j > 0. 

Another natural question is the extended version of Question |L 

Question 2.6. For two maps f,g : X Y ,what is the relation be- 
tween Ph^j{X, Y) and P^{X, Y) ? 

The first result in this direction is an extension of the result of Oda- 
ShitandaODf . 



Theorem 2.7. Let X be a CW complex and Y be an H-space with 
inverse. Then we have Ph]{X, Y) = Phj{X, Y) 



Proof. If j = 0, this is Theorem 3.7(2) of Oda-ShitandapO| and if j > 



this follows from the following lemma and the Corollary |2.3| . □ 

Lemma 2.8. Let i : Xi ^ X2 be a map and Y be an H-space with 
inverse. Then for any map f : X2 — > Y the following diagram is 
commutative up to homotopy 

map^{X2,Y)f — ; — > map^{Xi,Y)foi 



h2 



hi 



map:t{X2,Y)^ > map^{Xi,Y)^ 

i* 

where /ii, h2 are defined during the proof. 

Proof. Since Y is an H-space with inverse, there is a multiplication 
/i : y X y — > y , a map v : Y ^ Y is called an inverse for yU if each 
composite map 

y (li^) y X r A r and r ^^^^ r X r A r 

are homotopic to the constant map * : Y Y . From these we can 
construct the maps hi, h2 by the composite 

map^{Xj,Y)f^ ^H*^ map^{Xj,Y)(^f^ x map^{Xj,Y)^of, 

map^{Xj,Y X F)(/^.,,,o/,) ^ map^{Xj,Y)^ 

where f2 = f and fi = foi 

It is easy to see from the definition of the maps hi, h2 that the dia- 
gram in the lemma is commutative up to homotopy. □ 
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Theorem 2.9. Let X,Y be nilpotent CW complexes of finite type 
and f : X ^ Y be any map. Then a G TTjlmap^^lX, Y); /) is a phantom 
element 

• (e^)#{a) = where {e^)# : 7ij{map^{X,Y); f) — > iTj{map^{X,Y); f) 



T. 



■^{a) = where : TTj{map^,{X, Y); f) '!Tj{map^{Xr, Y); f^) 

Proof. We will only prove the "if part which is necessary for our ap- 
plication in this paper. For the proof of the other parts , see [pT|. 

Let a G 7rj(map*(X, F); /) such that (e*)#(Q;) = 0. If we consider 
the following commutative diagram 

nj{map^{X,Y); f) > 7rj(map*(X", F); 



# 



# 



7Tj{map^{X,Y); f) > 7rj{map^{X"',Y); f\x") 

then we have {e^)# o {i*^)^{a) = o (e*)#(a) = 0. In [|^, Sullivan 
showed that if y is a nilpotent space , e : Y ^ Y and h, g : Z Y 
be any two maps where Z any finite CW complex such that e o ~ 
e o h,then g c:^ h. 

By the result of Sullivan, it follows immediately that the map 

: map4X",F)/|^„ map^{X'',Y)j^^^ 

has also the property above. Thus the induced homomorphism 

(e,)# : 7rj(map,(X",F);/|x") ^ 7rj(map*(X", F); 

is injective. This completes the proof. 

Next we show that if (r*)#(a) = 0,then a G TTj{map^{X,Y); f) is a 
phantom element. From the assumption, we have 

(e=,)#(r*)#(a) = G nj{map^{Xtau,Y); fr) 

By Proposition2.1 of pOf, map*(X(o),F) is weakly contractible and 
hence the natural map 7rj(map*(X, Y); f) — > iTj{map^{XT., Y); f^-) is an 
isomorphism for j > 0. Since (e,,)# o (r*)# = ij*)^ o (e*)#,we have 

a = G nj{map^{X, Y); /) 
By the first part, a is a phantom element. □ 

Proposition 2.10. Let X,Y be CW complexes such that [T.^Xt-,Y] = 
and [H^^^Xt-jY] =0. If f : X Y is a phantom map, then we have 

PhUx, Y) = 7r,(map,(X, F); /) = 7r,(map,(X(o), Y); /(o)) 
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Proof. To show the first equation, it suffices to prove by Theorem|2]9 
that 

7ij{map^{Xr, Y); fr) = 
From Theorem 5.1 of [1^ we have /r — and this imphes 

7Tj{map,{Xr, Y); U) = TTj{map,{Xr, Y);*) = [S^X„ Y] = 

which is what we want to prove. 

Similarly we can prove Hj^i{map<t:{XT-,Y); f^) = . By using the 
fibration 

map*(X(o), Y) map^{X, Y) map^{Xr, Y) 
and the fact that 

■Kj{map^{Xr, y); fr) = ■Kj+i{map^{Xr, Y); f^) = 
we obtain immediately the second equation. □ 



Corollary 2.11. Let X,Y,f be as in Propositioi i^.l(\ . If 



we assume 



further that Y is a 1-connected rational H-space. Then 

Ph^^{X,Y) = n,{map,{X,Yy,f) = [S^X(o),y] 

Before the proof of the Corollary let us ffist recall some useful results. 

Lemma 2.12. |^ Let X,Yi,Y2 be 1-connected CW complexes with 
finite type and t : Yi ^ Y2 be a rational equivalence. Then the induced 
map : map^{X(^Q),Yi) map,,(X(o), I2) is a weak equivalence. 

Proof of CorollarfJ^A^. Let t : F — > F be an integral approximation of 
y(see 1^ for the concept of integral approximation of a space). Then 
by the above Lemma , the map t^ : map*(X(o),F) — > map*(X(o),F) is 
a weak equivalence. Since F is a rational H-space,we can choose Y to 
be an H-space(see remark by McGibbon in|T5[). It is well known that 
the different components of a mapping space map^ (^(0) 1 ^) have the 
same homotopy type if Y is an H-space. This completes the proof. □ 

Theorem 2.13. Let X = K{H, m + 1) , Y = Baut{P) and f : X ^ 
Y is any map where P is a simply connected finite CW complex and 
m > 2. Then 

Ph({X,Y) = n,imap4X,Yy,f) == [S^X(o),F] 

Proof. We know from Corollary C of that map^{Xr, Y) is weakly 
contractible.lt follows that any map / : X — y is a phantom map. 
Thus we can apply the Proposition |2.1(J| to get 

Ph^j{X,Y) = 7rj{map^{X,Y); f) = TTj{map^{X^o),Y); f^o)) 
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To prove the last equation, note that, if X is 1-connected, then we have 

map^{X,Y) ^ ■map^:{X,Y) 

where Y is the universal covering of Y. Now Y and thus y is a 1- 
connected rational H-space.It follows from CoroUary P .111 and the above 
equivalence that 



7rj(map*(X(o), Y); /(o)) = 7rj{map^{X(o), y)]*) 



□ 



Theorem 2.14. Let X = BG, Y = Baut{P) and f : X ^ Y is 
a phantom map where G is a connected compact Lie group and P is 
1-connected finite CW complex. Then for j > 1 we have 

P^{X,Y) = n,{map,{X,Yy,f) = [S^X(o),y] 

Proof. By Proposition ^. 10| ,to prove the first equation it suffices to prove 
that [S^X^, Y] = [Sj + IX^, Y] = 0. Now for z > 1, we have 

[j:'BGr,Y] = [J:'-^BGr,QY] = 
= [^'-^BGr,aut{P)] = 



where the last equation follows from Theorem C(c) of Zabrodsky| 

The proof of the second equation follows from the same argument as 
in the proof of Theoreni p.l3| . □ 

3. FORGETABLE MAP AND ITS DESGRIPTION 

Let us consider the principal G- bundle q : P ^ B with structure 
group G where G acts on P freely. For each such bundle one can 
consider the space aut'^{P) of unbased G-equivariant self-homotopy 
equivalences of P and the group 

Aut^{P) = no{aut^{P)) 

which is called the group of G-equivariant self-homotopy equivalences 
of the principal bundle q : P ^ B. On the other hand, we can also 
consider the space aut(P) of unbased self-homotopy equivalences of 
space P and the group 

Aut{P) = Tro{aut{P)) 

which is called the group of unbased self-homotopy equivalences of P. 
There have been extensive study on these two subjects , see and the 



extensive references there. About ten years ago, Tsukiyama [jT3[ posed 
the following 
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Question 3.1. When is the natural map F : Aut^{P) Aut{P), 
which forgets the G-action, a monomorphism? 

No progress has been made unless Tsukiyama's two recent papers 
p8| [pSd - In this paper, we will try to attack this question . Our 
approach is based on the identification of the space of G-equivariant 
self-homotopy equivalences as the loop space on a mapping space and 
the recent results on the Sullivan conjecture. What is most interesting 
about our results is the relation between the injectivity of F and the 
existence of the phantom map between appropriate spaces. 



In p9[ , Tsukiyama used an indirect approach to attack the ques- 
tion and got partial results on it. In this section, based on a simple but 
crucial observation, we will identify the homomorphism F as the ho- 
momorphism induced on ttq by a map whose homotopy fiber can be 
determined explicitly and thus can determine the kernel of F under 
reasonable condition. Now let G be a topological group , q : P ^ B he 
a principal G-bundle and k : B ^ BG be the its classifying map. For 
the map k ,we can take k : B ^ BG as a fibration via the standard fac- 
torization of a map into the composite of a homotopy equivalence and 
a Hurewicz fibration. Given fibration k : B ^ BG, we can form the 
group AutBciB) the group of homotopy classes of self homotopy equiv- 
alences of B over BG. The following is a well known result |Q , [|ll[] , ||12[ . 

Proposition 3.2. There is a natural isomorphism 

Aut^{P) ^ AutBciB) = ni{Map{BG, Baut{P)),c) 
where map c : BG Baut{P) is determined by the principal bundle. 

If the above isomorphism is natural in object G ,then the map F will 
be naturally isomorphic to the map 

ev^ : ni{Map{BG, Baut{P)),c) niBaut{P) 

whose kernel can be computed explicitly by the evaluation fibration 

Map^{BG, Baut{P))c Map{BG, Baut{P))c -> Baut{P) 

A careful check confirms the above speculation and leads to the follow- 



ing which is the Theorem 1.9 in the Introduction. 



Theorem 3.3. Let q : P ^ B be a principal G-bundle, c : BG 
Baut{P) be the classifying map for fibration k : B ^ BG. Then there 
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is a commutative diagram 

7ioautBG{B) > T[Qaut'~^{P) 

Hoaut{P) > TiQaut{P) 

where P is the fiber of the fibration k which is homotopy equivalent to 
P and the two horizontal maps are isomorphisms. It follows from the 
diagram above immediately that the following sequence is exact 

TiiautiP) 7ri{Map^{BG, Baut{P)),c) -> Aut^{P)) Aut{P) 

This theorem follows directly from the following lemmas. Let q : 
P ^ B he a principal G-bundle and k : X ^ B he a map, then there 
is an associated principal G-bundle over X defined by 

k*{P) > P 

k'{q) q 

X > B 

k 

Lemma 3.4. Letix : EG —>■ BG be the universal principal G-bundle,then 
the rule that takes k to k*{7r) defines a natural bisection from [B,BG], 
the set of free homotopy classes of maps from B to BG, to the set of 
isomorphism classes of G-bundles over B. 

Proof, well known. □ 

Lemma 3.5. If q : P ^ B is a principal G-bundle and g : X ^ B 
is a homotopy Equivalence, then the induced bundle map from g*{q) : 
g*{P) X to q is a homotopy equivalence between two principal bun- 
dles. 

Proof This is (1.9)of |]. □ 

Lemma 3.6. Let q : P ^ B and k : B ^ BG be as above. Then there 
is a commutative diagram . 

aut^{k*{EG)) > aut^{P) 

aut{k*{EG)) > aut{P) 

Where the two vertical maps are Forgetable maps and the horizontal 
maps are homotopy equivalences and are defined in the proof. 
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Proof. By Lemma p.4| , There is a principal bundle isomorphism over B 
h : P ^ k*{EG) . Define the horizontal maps by the rule 

X I — i> h~'^ o X o h 

It is obvious that the diagram is commutative. □ 



Lemma 3.7. Let q : P ^ B , k : B ^ BG and k : B ^ BG be as 
above. Then there is a commutative diagram up to homotopy . 

aut^{k*{EG)) ^ aut^{k*{EG)) 

aut{k*{EG)) > aut{k*{EG)) 

Where the two vertical maps are Forgetable maps and the horizontal 
maps are homotopy equivalences and are defined in the proof. 

Proof. By Lemma |3.5| , There is a homotopy equivalence h of two prin- 
cipal bundles k*{7r) : k*{EG) B and k*{7r) : k*{EG) B. As in the 
proof of the lemma above , define the horizontal maps similarly. Then 
the diagram is easily seen to be commutative up to homotopy. 

□ 



Lemma 3.8. Let q : P ^ B , k : B ^ BG and k : B ^ BG be as 

above. Then there is a commutative diagram up to homotopy . 

TToautBciB) > 'KQaut^{k*{EG)) 

7ioaut{P) > noaut{k*{EG)) 

Where the P is the fiber of the fibration k which is homotopy equivalent 
to P,the right vertical map is forgetting maps, the left vertical map is 
the map by taking a f to the map which induced on the fiber of the 
fibration k at a based point of BG and the horizontal maps are defined 
in the proof. 
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Proof. Consider the following diagram 



By definition 



/ 



k*{EG) 



EG 




BG 



k*{EG) = {(6,e) e 5 X EG\k{h) = 7r(e)} 



p^{{b,*) e B X EG\k{b) ^ *} 

Now there is an obvious map 

f:P^k*(EG),(b,*)^{b,*) 

which is a homotopy equivalence by the general property of puUback. 
Given a self homotopy equivalence h e autBoiB) there exists a map 

h : k*{EG) k*{EG) 

defined by h{b,e) — {h{b),e) which makes the pair {h,h) a principal 
bundle map. The given map h induces also an obvious map h e aut{P) 
defined by 

It is easy to check that h o f — f o h 

If we define the horizontal maps in the diagram by 

TToautBGiB) 'KQaut^{k*{EG)), h \ — > {h, h) 

7roaut{P) — > 7roaut(k*{EG)),g i — f o go 

then it is easy to check that the diagram is commutative which is what 
want to prove . □ 
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4. Applications to the problem of Forgetable maps 

In the last section we have embedded the Forgetable map into the 
exact sequence 

7iiaut{P) ni{Map,XBG, Baut{P)),c) Aut^{P)) Aut{P) 

In this section we will apply the phantom map theory to extract 
information about the Forgetable map. If 



7Ti{Map^{BG, Baut{P)),c) = 

then we know that KerF = from the above exact sequence. If 

7ri{Map^{BG, Baut{P)),c) ^ 

then we can't say anything about the KerF. On the another hand 
TTiaut{P) is a countable group if P is a finite CW complex. It follows 
that KerF is uncountable if 

7ri(Map,(5G, Baut{P)), c) 

is uncountable. This is the point where we find the relation between 
phantom map theory and Forgetable map. From the discussion above 
, we have the following which is Theorem jl . 1 1| in the Introduction. 

Theorem 4.1. Let tc : P B be as above , k : B BG the clas- 
sifying map, k : B BG the associated fibration with fiber P and 
c : BG — ^ Baut{P) the classifying map of k. The following are true. 

• If KerF is uncountable if Phl{BG, Baut{P)) ^ 

• If c is phantom map and G be a connected compact Lie group , 
KerF is either zero or uncountable 

• IfG = K{H, m) where m > 2 and H is a finitely generated abelian 
group, KerF is either zero or uncountable 

Proof. It suffices to prove the last two statements. 

By Theorem 2.131 when G be a 1-connected K(H,m) or Theorem 2. 14 



when c is phantom map and G be a connected compact Lie group , we 
have 

Phl{BG,Baut{P)) = Tri{map,{BG, Baut{P)); c) 
Thus ni{map^:{BG, Baut{P)); c) is either zero or uncountable □ 



Corollary 4.2. // the map c in the Theorem is a phantom map , 
then KerF is uncountable iff [BG(^o^,aut{P)] is nontrivial. 
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Proof. By the Theorem |2.14] for j = 1, we have 

Ph'j{BG,Baut{P)) = nj{map^{BG, Baut{P)); c) 

Thus the kernel of the Forgetable map is either zero or uncountable. 
It is zero iff 

7rj{map^,{BG, Baut{P))] c) = 
By the same Theorem again for j = 1, we have 

Tri{map^{BG,Baut{P));c) = [T} BG(^q), Baut{P)] = [5G(o), aut(P)] 
It follows that kernel of Forgetable map is zero iff 

[BG^o),aut{P)] = 

□ 

The following corollary is Theoreni |1.13| in the Introduction. 

Corollary 4.3. Let P be a 1-connected CW complex . Then there is 
a connected compact Lie group G and a principal G-bundle such that 
the total space has the homotopy type of P , the classifying map c is 
a phantom map and the associated Forgetable map F has uncountable 
kernel 0^^^ 7r2i+i(map(P(o), P(o)); ^rf) is nontrivial. 

Proof. "<^=":First note that given map Cq : BG Baut{P) there is a 
principal bundle such that the total space has the homotopy type of P 
and the natural associated map c is homotopy to the given cq. 

To prove the Corollary it is sufficient to take cq = * and choose a Lie 
group G such that [BG{Q),aut{P)] = [BG(^o'),map{P, P)ici] 7^ 0. 

According to Theoreni |1.2| ,we have for some even integer t > 0, 
[BG(^o),map{P,P)id] ^Oif H\BG,Q) and 7ri+i(map(P(o), P(o)); ^rf) ^ 


Let to be the smallest positive even integer such that 

7rt+i(map(P(o),P(o));^rf) 7^ 

There exists of course a compact Lie group G such that H^"{BG, Q) 7^ 
0. 

It follows from the discussion above that there exists principal G- 
bundle such that the total space has the homotopy type of P and the 
associated Forgetable map F has uncountable kernel. 

"^":If i>o ^2i+i("^«p(P(o)5 -P(o)); ^c?) — 0, it is easy to see that 
[PG(o), a'ut(P)] = for any connected compact Lie group. This com- 



pletes the proof by the CorollaryEy2 
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Corollary 4.4. Let P be a 1- connected finite CW complex. Then for all 
principle G-hundles q : P ^ B such that the structure group is a con- 
nected compact Lie group and the associated map c is phantom,the asso- 
ciated Forgetable map is injective iff ^■^Q7i2i+i{rnap:^{P(^o), P(o))', id) = 


□ 

Similarly to th Corollary |4.3| we have the following when G = K{H, m) 



Corollary 4.5. Let P be a 1-connected CW complex . Then there is 
some principal K{H,2m + 1) (respectively, K{H,2m))-bundle,m > 1, 
such that the total space has the homotopy type of P and the associated 
Forgetable map F has uncountable kernel iff^^^i 7r2i+i(map(P(o), P(o));id) 
(respectively , ^■^^7i2i{map{P(^o), P(^o))]id)) is nontrivial. 

Corollary 4.6. Let P be a 1-connected CW complex . Then for all 
m > 1 , finitely generated abelian group H and every principal K{H, 2m+ 
1) -bundle with total space homotopy equivalent to P ,the associated 
Forgetable map is injective iff ^iyi'n'2i+i{™cip{P(o), P{o))',id) = . 

The following Corollary is the Theorem |1.18| in the Introduction 

Corollary 4.7. Let P be a 1-connected CW complex . Then for all 
m > 1 , finitely generated abelian group H and every principal K{H, 2m)- 
bundle with total space homotopy equivalent to P ,the associated For- 
getable map is injective ^if vr2j(map(P(o), -P(o)); ^c^) = . 

Let us conclude this paper with another question motivated by the 
results obtained in this paper. 

Question 4.8. Is it possible that for every 1-connected CW complex P 
there exist a compact Lie group G and a principal G -bundle such that 
the total space has the homotopy type of P and the associated Forgetable 
map F has uncountable kernel? 
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